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1. Introduction

The development of NewCAP (Newhouse Cylinder Analysis Program) is based on a need for a
composite cylinder analysis tool that is accurate, simple to use, and readily available to the
cylinder industry. The industry places an emphasis on testing when qualifying a cylinder for use,
but also relies on analysis to some extent.

Early analysis used relatively simple analysis methods, but flexibility and detail were limited.
The availability of finite element analysis (FEA) offered a more powerful alternative, but early
software still had limitations. Modern FEA software is very powerful, but requires more
sophistication to achieve the best results.

FEA is often used more for design and optimization of a cylinder than for qualification. Given
the sophistication needed for accurate results, and the variety of FEA software programs
available, it is not always run to its full capabilities, and checking the results in a review of the
design is problematic. Qualification still relies, appropriately, on results of testing.

However, one aspect of composite cylinder qualification is safety for the full life of the cylinder
if it remains pressurized. A phenomenon generally known as stress rupture could occur if the
fiber is stressed continuously to too high a level [1]. This is addressed by industry requirements
to meet a “stress ratio”. The stress ratio is defined as the fiber stress at minimum burst pressure
divided by the fiber stress at working pressure.

Meeting the stress ratio requirements meets a performance requirement of reliability related to
stress rupture. The stress ratios are chosen to give 0.999999" reliability if held at working
pressure for the cylinder lifetime.

Calculation of stress ratios in Type 4 cylinders with non-loadsharing liners is relatively
straightforward, as stress is directly related to applied load, i.e. pressure. Calculation of stress
ratios for Type 3 cylinders with loadsharing liners is more difficult. The load share of the liner
varies once the liner is yielded. Yielding occurs as a Type 3 cylinder approaches autofrettage
pressure. When pressure is returned to zero, the liner will be in compression.

The cyclic fatigue life of a Type 3 cylinder is improved when the liner has a lower average stress
level, which is a result of the autofrettage. However, the average composite stress level is
increased by autofrettage. The stress ratio requirements may be violated if the liner is thick and
the autofrettage pressure is high [2].

The burst pressure will not be affected by autofrettage level, so a burst test will not be able to
differentiate a properly designed and manufactured cylinder from one that has an excessive
autofrettage pressure. There is anecdotal evidence that composite cylinders have been placed in
service that have thick liners, and high autofrettage pressure, such that stress ratios were violated.
There is other anecdotal evidence that cylinders have been placed in service that have not been
analyzed with finite element analysis to accurately determine the stress ratios.
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The possibility that composite cylinders are in service that violate the stress ratio requirements,
and therefore higher risk of rupturing during service, is a significant safety concern. The
development of NewCAP provides a composite cylinder analysis tool that is accurate, simple to
use, and readily available to the cylinder industry. It will be easy for PHMSA to review or
duplicate the analysis that is provided with a Special Permit application. This will improve the
safety of industry cylinders used in transportation of hazardous materials.

2. Theory of analysis.

The foundation of the NewCAP computer software is based on a force balance of a differential
element. With the differential element in equilibrium:
d_o' (or—0n) —

+

dr r

—-pw?r ().
The governing equation is developed from this equilibrium equation, the constitutive equations:

{0} = [D]{e —a'} @)

and from the strain/displacement relations:
& = du/dr (3)

en = Y/r 4)
a'= a(Tg+ Tpr). (5)

An exact solution to the governing equation is obtained in terms of the deflection of the layer
boundaries. A unit displacement method is used to build element stiffness matrices and unit
force matrices for each layer using the exact solution. These matrices are built into global
stiffness and force matrices which are solved for the actual displacement of the layer boundaries.

From the layer boundary displacements, the stresses and strains within each layer may be
calculated. The NewCAP computer program was based on this solution technique. Further
details are provided in Annex A [3]. The analysis uses linear geometry, i.e. it does not update
dimensions due to deflection, in the analysis.

The composite material properties are developed from the theory of Chamis [4]. The
unidirectional properties are calculated based on the fiber properties, resin properties, and the
fiber volume fraction. The modulus of elasticity in the meridional, hoop, and radial directions
are calculated from the unidirectional properties and the given wind angle.

The composite coefficients of thermal expansion are developed from the theory of Ran Zhiguo et
al [5]. Unidirectional properties are based on fiber and resin properties. The coefficients of
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thermal expansion in the meridional, hoop, and radial directions are calculated from the
unidirectional properties and the given wind angle.

The analysis may be run with a yielding metal liner. A von Mises (J2) plasticity model was used.
Equivalent stresses and strains may be calculated from the principal stresses and strains:

Opo = \/(01—02)2"'(02—203)2+(03—01)2 (6)
(e1—€2)%+(e2—€3)%+(e3—€1)?
g = JErmmesa? ()

The stress-strain relationship may be modelled either by a multi-linear model or a Ramberg-
Osgood model [6]:

e=2 [1 Iy (Uio)n_l] ®)

The linear properties of the liner material are used for the first pass through the solver at a given
loading condition. If there is no liner yielding, the solver proceeds to the next loading condition.
If yielding is detected, the liner material properties are updated, and a second pass is made
through the solver. Additional passes are made if further yielding is detected until the solution
converges. The calculated stresses and strains are printed out when the solution converges, and
the solver proceeds to the next loading condition.

Metal lined composite cylinders are generally pressurized to an autofrettage pressure, then
returned to zero pressure, before entering service. NewCAP tracks the liner material properties
through this process. The software accounts for the tensile stress state at autofrettage pressure as
it returns to zero pressure, with linear response as the stress returns to a point of zero equivalent
stress, and from that point, uses the original stress-strain relationship to zero pressure.

Liner yielding may or may not occur during this pressure decrease, and it is handled the same
way as described above. The software then accounts for the compressive stress state at zero
pressure after autofrettage as pressure is reapplied, with linear response as the stress returns to a
point of zero equivalent stress, and from that point, uses the original stress-strain relationship.

3. Software capabilities and operation.

The NewCAP software can be used to analyze all-composite (Type 4) cylinders and metal-lined
cylinders (Type 3 and Type 2). It can also be used to analyze all-metal (Type 1) cylinders. The
software addresses non-linear material properties and linear geometry in the analysis. The
software only analyzes the cylinder section, not the domes.
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The analysis allows the use of up to 40 materials, 90 layers, and 30 load steps. Loads may be
from internal pressure, external pressure, and/or temperature profiles. Stresses and strains are
calculated at the inner and outer surfaces of each layer, and up to 9 points within each layer.

Each yielding material may only be tied to one layer. If the liner is divided into more than one
layer, then each must have a unique material tied to it, i.e. 5 layers would require 5 materials
with the liner properties, one material for each layer.

An Excel spreadsheet has been developed that may be used to generate the input file for
NewCAP. Setup information is entered into the first worksheet. When the setup information is
entered, Excel generates additional worksheets that identify the remaining data inputs required.
When data entry is complete, Excel generates the necessary input file and runs NewCAP. Excel
retrieves program output and makes it available for plotting. The input file may also be
generated manually.

4. Software inputs and outputs.

The first inputs to the NewCAP computer program are a description of the analysis being
conducted, the inner radius, number of layers, number of material types, number of load steps,
points for stress/strain calculation within a layer, a control number that may be used to echo the
input lines as they are entered, and a print control number.

Material properties, including modulus of elasticity, Poisson’s ratio, and thermal coefficients are
entered for each material. The material and thickness are identified for each layer. Loads,
including internal pressure, external pressure, and a temperature profile are identified for each
load step. A listing of the required input parameters, along with a description of the variables, is
provided in Annex B. Annex B also contains an input sheet that may be filled in as a worksheet
when entering the input data directly into the input file.

A guide to running the program using the Excel spreadsheet is provided as Annex C.

The NewCAP outputs are displayed on the monitor and are printed to a file (NC-OUTPUT.txt)
which may be saved or sent to a printer. The Excel spreadsheet may access a separate file
(NC-EXOQUT.txt) so that the output may be viewed or plotted within the Excel spreadsheet.

The output files include an echo of the input, including the description of the analysis, the setup
information (inner radius, number of layers, number of material types, number of load steps,
number of internal points in each layer for calculating results, and printout options), material
property information, layer information (material type number and thickness), and loading
conditions (internal pressure, external pressure, and nodal temperatures) for each load step.

The analysis results are then printed. Each load step is identified by the load step description.
For the inner surface of each layer, starting from the innermost layer, each layer number and
material number are identified, followed by the radius, strain in the radial, hoop, and meridional
directions, the stress in the radial, hoop, and meridional directions, the radial displacement, and
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the total axial force on the layer. For points within the layer, and at the outer surface of the layer,
the radius is given, followed by the strain in the radial, hoop, and meridional directions, the stress
in the radial, hoop, and meridional directions, and the radial displacement.

The fiber strain and stress are computed for layers using material model 4 and material model 5.
The fiber strain is calculated from the meridional and hoop strains, using a second order tensor
transformation based on the fiber wind angle. The fiber stress is calculated from the fiber strain
and the fiber modulus. The fiber strain and stress are printed in columns after the total axial
force for the layers using material model 4 and material model 5.

Following the analysis results of each load step, the stress ratio at each step is printed. This
stress ratio is based on the ratio of the strain on the inner surface of the first non-yielding layer
(material models 1, 4, or 5) at the minimum burst pressure (step ID = 6) to the strain on the same
surface at any given pressure.

5. Verification results.

NewCAP was verified by conducting closed form analysis and finite element analysis, and then
comparing the results with NewCAP analysis.

The closed form analysis focused on comparison with known analytical solutions for metal
cylinders, comparison with similar programs for analyzing composite cylinders, and examples
showing consistency of results. Explanations of results are provided with each analysis. All
verification analyses indicated that NewCAP is producing accurate results, and was therefore
verified. The report on closed form analysis verification is included as Annex D.

The finite element analysis addressed the analysis of a Type 3 cylinder with a yielding liner with
pressure loading, a Type 4 cylinder with pressure loading, and the same Type 4 cylinder with
thermal loading. In all cases, the calculated NewCAP strains were less than 1 percent different
than the FEA results, indicating that NewCAP is producing accurate results, and was therefore
verified. The report on finite element analysis verification is included as Annex E.

6. Validation results.

NewCAP was validated by comparing analysis results with strain measurements from Type 3
and Type 4 cylinders that were subjected to pressure loads. Two Type 3 cylinders with
aluminum liners and three Type 4 cylinders with non-loadsharing liners were tested. The Type 3
cylinders include one with a 6.8-inch outer diameter and an operating pressure of 2745 psi, and
one with a 7.5-inch outer diameter and an operating pressure of 10,000 psi. Both of these Type 3
cylinders were reinforced with carbon fiber. Two of the Type 4 cylinders were carbon fiber
reinforced, one with a 9.9-inch outer diameter and an operating pressure of 3600 psi, and the
other with a 27.7-inch outer diameter and an operating pressure of 10,000 psi. The third Type 4
cylinder was reinforced with a hybrid carbon/e-glass laminate, with a 13.7-inch outer diameter
and an operating pressure of 3600 psi.
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Multiple strain gages were used on each cylinder. There was good correlation between the
predicted strains and the measured strains. It is recognized that some gages failed during testing.
Looking at gage results where they remained functional, the ability of NewCAP to analyze Type
3 and Type 4 composite cylinders was validated. The report on validation of NewCAP is
included as Annex F.

7. Trade studies.

Trade studies were conducted that show the effect of increasing aluminum liner thickness and
autofrettage pressure when looking at carbon fiber and glass fiber reinforced composite
cylinders. As discussed in the introduction, use of a thicker liner and higher autofrettage
pressure puts the liner in a lower stress state, improving its cyclic fatigue performance, but
correspondingly increases the stress in the fibers, which can be a risk for stress rupture.

In these trade studies, the baseline is an all-composite cylinder, with fiber thickness to meet the
required burst pressure and associated stress ratio at working pressure. An aluminum liner is
then introduced with discrete thicknesses, and the composite thickness reduced to maintain the
same burst pressure as the all-composite cylinder.

The first trade study looked at a carbon fiber reinforced cylinder. The working pressure is
10,000 psi, with a burst pressure of 22,500 psi to result in a stress ratio of 2.25 for an all-
composite cylinder. The inside radius is 5.0 inches. The composite thickness is 0.5247 inch.
Liner thicknesses of 0.2, 0.4, 0.6, and 0.8 inches were used in the study. Figure 1 plots stress
ratio vs. liner thickness and autofrettage pressure. Figure 2 gives details of liner thickness, fiber
thickness, and stress ratios at different autofrettage pressures.
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Stress Ratio vs. Liner Thickness and Autofrettage

=@ NO Auto

0.2 0.4 0.6 0.8

Liner Thickness, inch

Figure 1 — Carbon stress ratio vs. liner thickness and autofrettage
LinerT: 0 0.2 0.4 0.6 0.8
CompT: 0.5247 0.5081 0.4826 0.4767  0.4538

Auto Pressure:

0.0 (pre-auto) 2.25 2.5 2.9 3.6 4.5
1.65 2.25 2.347 2.190 2.142 2.247

1.7 2.25 2.346 2.188 2.096 2.166

1.75 2.25 2.345 2.185 2.053 2.090

1.8 2.25 2.344 2.182 2.012 2.019

1.85 2.25 2.342 2.180 1.974 1.951

1.9 2.25 2.341 2.177 1.937 1.892

1.95 2.25 2.339 2.174 1.907 1.848

2 2.25 2.338 2.171 1.903 1.807

Figure 2 — Carbon design, pressure, and stress ratio details

Auto 1.65

Auto 2.0
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Referring to Figure 1, note that the starting point for stress ratio is 2.25 when there is no liner.
As liner thickness is increased, and there is no autofrettage, Figure 1 shows the extent to which
the liner would share load with the composite.

At an autofrettage pressure 1.65 times the working pressure, which is typical for Type 3
cylinders, the stress ratio increases slightly, then drops slightly, and then rises again, as liner
thickness increases. When the autofrettage increases to 2.0 times the working pressure, the stress
ratio increases slightly, then drops significantly as liner thickness increases.

Referring to Figure 2, note that the stress ratio decreases as autofrettage pressure increases at
each liner thickness. It can also be seen that the total wall thickness stays relatively constant,
with composite thickness decreasing at about the same rate as liner thickness increases.

The second trade study looked at a glass fiber reinforced cylinder. The working pressure is
10,000 psi, with a burst pressure of 35,000 psi to result in a stress ratio of 3.50 for an all-
composite cylinder. The composite thickness is 2.2367 inch. The thickness of the glass fiber
reinforcement is significantly higher than the carbon fiber reinforcement due to differences in
fiber strength and stress ratios. Liner thicknesses of 0.2, 0.4, 0.6, and 0.8 inches were used in the
study. Figure 3 plots stress ratio vs. liner thickness and autofrettage pressure. Figure 4 gives
details of liner thickness, fiber thickness, and stress ratios at different autofrettage pressures.



693JK318C000008
Newhouse Technology, LLC

Stress Ratio

Stress Ratio vs. Liner Thickness and Autofrettage
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Figure 3 — Glass stress ratio vs. liner thickness and autofrettage

LinerT: 0 0.2 0.4 0.6 0.8
CompT: 2.2367 21127  2.0207 1.9457 1.8827

Auto Pressure:

0.0 (pre-auto) 3.5 4 4.8 5.8 6.9
1.65 3.5 3.591 3.557 3.652 3.938

1.8 3.5 3.585 3.426 3.401 3.554

1.95 3.5 3.579 3.378 3.221 3.244

2.1 3.5 3.573 3.367 3.086 3.011

2.25 3.5 3.567 3.356 3.035 2.848

2.4 3.5 3.561 3.344 3.020 2.718

2.55 3.5 3.548 3.333 3.006 2.671

2.7 3.5 3.548 3.321 2.991 2.655

Figure 4 — Glass design, pressure, and stress ratio details
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Referring to Figure 3, note that the starting point for stress ratio is 3.50 when there is no liner.
As liner thickness is increased, and there is no autofrettage, Figure 3 shows the extent to which
the liner would share load with the composite.

At an autofrettage pressure 1.65 times the working pressure, which is typical for Type 3
cylinders, the stress ratio increases above 3.50 as liner thickness increases. When the
autofrettage pressure increases to 1.95 time the working pressure, the stress ratio increases
slightly, then decreases as liner thickness increases.

When the autofrettage increases to 2.7 times the working pressure, the stress ratio increases
slightly, then drops significantly as liner thickness increases. At the stress ratios seen for glass
fiber at the high thickness, high autofrettage condition, failure is likely to occur in less than 10
years.

Referring to Figure 4, note that the stress ratio decreases as autofrettage pressure increases at
each liner thickness. It can also be seen that the total wall thickness increases as liner thickness
increases, with composite thickness decreasing at about the half the rate of liner thickness
increase.

One overall observation of these trade studies is that if the autofrettage pressure is limited to 1.65
times the working pressure, the stress ratio will not go significantly lower than the prescribed
value, even as the liner gets significantly thick.

A second overall observation of these trade studies is that if the liner is relatively thin, the stress
ratio will not go significantly lower than the prescribed value, even as the autofrettage pressure
increases significantly.

An observation of greatest concern is that if the liner is thick, and the autofrettage pressure is
relatively high, the stress ratios may be significantly lower than their prescribed values, putting
the cylinders at significant risk of failure due to stress rupture.

8. Recommendations for “round robin” studies.

NewCAP analysis has been verified and validated. The next step to gain acceptance for use by
the industry is to conduct a “round robin” type of evaluation. Manufacturers that have submitted
Special Permit requests that involved finite element analysis and/or testing with strain gages
could be asked to repeat the analysis using NewCAP and return the results of NewCAP and prior
analysis and/or testing to PHMSA for comparison.

The manufacturers could also be asked to conduct another analysis that used the capabilities of
NewCAP, and to suggest any improvements to NewCAP based on this analysis. The analyses
from the manufacturers would be shared within the industry for comment. The intent of this
analysis would be to familiarize the industry with the capabilities of NewCAP, and to address
possible improvements that would add value to NewCAP and its acceptance by the industry.
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Newhouse Technology LLC will also make NewCAP available to Engineers outside of the
commercial cylinder industry, and solicit their input as to improvements that could be made.

Manufacturers could also be asked to submit their recommendations for standard fiber and resin
materials, and the values they would use for these materials. These recommendations would be
reviewed, and included as standard materials if there is consensus/consistency for material
properties.

9. Summary and recommendations.

The need for a composite cylinder analysis tool that is accurate, easy to use, and readily available
to the cylinder industry was identified. NewCAP was developed to fill this need.

The foundation for NewCAP was developed from closed form equations for each layer. A unit
displacement method was used to build element stiffness matrices and unit force matrices which
are solved for layer boundary displacement. Stresses and strains are calculated from the
boundary displacements.

Yielding metal material models were incorporated to represent the liner, and were incorporated
into the foundation program. An iterative approach is used to address yielding and achieve
convergence of the solution.

NewCAP is primarily for analysis of Type 4 and Type 3 cylinders, but may also be used for
analysis of Type 2 and Type 1 cylinders. Cylinders may be constructed with multiple layers and
made of multiple materials. Loading may be by internal pressure, external pressure, and/or
temperature profiles. Stresses, strains, and displacements are calculated.

The analysis results of NewCAP were verified by closed form and finite element analysis, and
validated by comparison with test results on several cylinders. Trade studies were presented that
show capabilities of NewCAP and its value in evaluation cylinders. Conditions were identified,
specifically use of thick metal liners and high autofrettage pressures, that would put composite
cylinders at risk of failure by stress rupture.

It is recommended that NewCAP be used by PHMSA and the cylinder industry to analyze
cylinders for which Special Permit or Approval requests are made. Manufacturers should also be
encouraged to run NewCAP to become familiar with its capabilities, to share observations, and
make recommendations for improvement. Manufacturers will also be encouraged to suggest
standard materials that would be used within NewCAP.

Newhouse Technology LLC will provide support to PHMSA for one year after submission of
this report, and will incorporate improvements as appropriate. Use of NewCAP for composite
cylinder analysis will improve safety within the cylinder transportation industry by providing an
accurate assessment of cylinder stresses.
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Annex A. Stress, strain, deflection theory
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CHAPTER IV

STRESS, STRAIN, AND DEFLECTION

Nomenclature

Variables

A - surface area

A°,B°,C°,D°,E°,F°® - coefficients of r in the homogeneous and
particular solutions

- outer radius of a layer

- inner radius of a layer

- elastic stiffness term in constitutive matrix

- elastic modulus

- force

,G,H - functions of r

- gravitational constant

(¢}

- stiffness matrix term

number of layers in a cylinder
- moisture content

- orthotropy ratio, Equation (17)
- pressure

- radius

E - rotational energy

- temperature difference

- radial displacement

- volume

- coefficient in the displacement equation

N<eHEKRYOBE R X 0 HEMEOT D
]

- thermal expansion coefficient
- moisture expansion coefficient
- strain

angle

- Poisson's ratio

- mass density

- stress

- rotational velocity

€ Q0 < OmMm ™R
1
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Subscripts
h - hoop direction; homogeneous, Equation (17)

i - relating to the inner surface of a layer

k - relating to a slope of a temperature or moisture profile

m - meridional direction

o - relating to the outer surface of a layer

p - particular, Equation (17)

r - radial direction

s - relating to a constant term of a temperature or moisture profile
Approach

The development and impleﬁentation of the stress-strain model is
described in this chapter. The governing equation is developed from
the constitutive and equilibrium equations and from the
strain/displacement relations. An exact solution to the governing
equation is obtained in terms of the deflection of the layer
boundaries. A unit displacement method is used to build element
stiffness matrices and unit force matrices for each layer using this
exact solution. These matrices are built into global stiffness and
force matrices which are solved for the actual displacement of the
layer boundaries. From the layer boundary displacements, the stresses
and strains within each layer may be calculated. A computer program
has been written based on this solution technique. The accuracy and
validity of this approach is demonstrated by comparison with classical

solutions.



Development of Theory

43

The stress/strain model is based on a force balance on a

differential element, Figure 6. With the differential element in

equilibrium:

- = - 2
ddr/dr + (dr Oh)/r p W r

The constitutive equations for orthotropic

(12)

materials under plane

strain conditions are as follows. The strains due to thermal and

moisture expansion, as shown in Equation (13a),
point. Equation (13c¢c) defines the point values
moisture expansion. The temperature difference
of a linear profile having a constant slope and
with the numerical analysis, it is necessary to

profile for the temperature. Each layer within

are-strains at a

of the thermal and

is expressed in terms
intercept. To proceed
assume a particular

the cylinder will have

its own values for slope and intercept. The assumption of a linear

profile is based on the fact that for filament wound structures, the

layers are generally thin to the extent that there would be little if

_any difference between a linear profile and any

the layer.
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Figure 6

Differential Element for Stress/Strain
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Where,
Drr = Er (1 - Vim vmh)/DEN
Drh - Er (vhr + vmr vhm)/DEN
Drm = Er (vmr + vhr vmh)/DEN
Dhr = Eh (vrh + vmh vrm)/DEN = Drh
th = Eh (1 - Vom vmr)/DEN
(13b)
Dhm = Eh (th + vrh vmr)/DEN
Dmr - Em (vrm * Vrh vhm)/DEN - Drm
Dmh - Em (th * Vhr vrm)/DEN - Dhm
Dmm = Em (1 - Vo vhr)/DEN
DEN =1 - Yrh Yhr 7 Vhm Ymh T Vor Vim T 2vhr Ymh Yrm
ur' = (TS + T, 1)
ah' = o, (TS + Tkr)
am' = o (Ts + T, 1)
(13c¢)
Br' = Br (MS + Mkr)
Bh' = Bh (MS + M 1)
Bm' = Bm (MS + Mkr)
The strain/displacement relations are:
ér = du/dr (14a)
gy = u/r (14b)

We can now substitute the strain/displacement Equations (14) into
the constitutive Equations (13), and this then substituted into the
equilibrium equation. The resulting equation will be evaluated to

find stresses and strains:



d?u/dr? + (1/r)(du/dr) - (th/Drr)(u/rz)

= -p w? r/Drr + urT + ar(TS/r + T

K K
+ (D /D e T + (o -a )(T /r + T )]
B (th/Drr)ah(Ts/r + Tk) + Ber

+ Br(Ms/r + Mk) + (Drh/Drr)[BhMk + (Bh-ﬁr)(MS/r + Mk)]

(D, /D__ B, (M_/r + M)

+ (Dhm/Drr - Drm/Drr) [Sm/r - am(TS/r + Tk) - Bm(MS/r + Mk)]

+ (Drm/Drr)amTk + Bka

Where the boundary conditions are either:

2
Z (c), (Am)j = (Applied Axial Force)

m-j
j=1
or,
- (A Predetermined Constant)
and,

(o .)1 = (Applied Internal Pressure)

= (Applied External Pressure)

Solution of Equation

The solution of Equation (15) is made up of a homogeneous

solution and a particular solution:

h p
u = A°t™ + B°r ™", where n = v D../D
h ? hh' "rr
u = C°® + D°r? + E°r + F°

46

(15)

(16a)

(16b)

(16¢)

(164d)

(17)
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The constants, C°, D°, E°, and F° can be resolved directly by
substitution into Equation (15) and equating like terms. The constant
C° relates to the rotational loading, the constant D° relates to the
slope term for temperature and moisture, and the constant E° relates
to the constant term for temperature and moisture and to the axial

strain.

C® = p w?/[D_ (n*-9)] (18a)

DO

1l

{[Zar + (Drh/Drr)(zah-ar) B (th/Drr)ah]Tk

+

(28, + (D, /D_)(2B,-B ) - (D, /D_)B, I (18b)

+ [(2p_ /D) - (D /D_)1[e T, + B M 1}/(4-n%)

E® = {[ar + (Drh/Drr)(ah-ar) B (th/Drr)ah]Ts
+ (B, + (D /D_)(B =B ) - (D, /D_)B, 1M (18¢)

+ [y, /D,) = @, /D D1ls, - o T_ - B M}/ (1-n?)

F® =0 (18d)

To solve for the constants A° and B°, it is necessary to define
boundary conditions. Typically, the inner surface of the cylinder
provides one of the boundary conditions, having either a fixed
displacement or a given surface pressure. The outer surface usually

provides the other boundary condition, generally a given surface
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pressure. While the boundary conditions of Equation (16) are
sufficient for a single layer cylinder, additional boundary conditions
are required to evaluate a multilayered cylinder. The boundary
conditions for the individual layers must reflect the fact that
numerical methods will be used to evaluate a multilayered cylinder.
To this end, we will choose the boundary conditions for each layer to
be the defined displacements of the inner and outer surfaces of that
layer. With the surface displacements defined, we can now use
Equation (17), written in terms of these boundary displacements.

The additional boundary conditions required to.provide continuity

between layers are:

(uo)j = (ui)j+1 (19a)
(cro)j = (Ori)j+1 (19b)
N (19¢)
u, = A°H™ + B°b ™ + C°b2 + D°b2? + E°D (20a)
u = A°a™ + B°a™™ + C°a® + D°a? + E°a (20b)

With two equations and two unknowns, we can now rearrange
Equation (20) to solve for A° and B° in terms of the boundar&
displacements, the constants from the particular solution, and the
radii.

A° = [-(uia'n - uob'n) +C°b%a ™™ - atp ™™
(21a)

+ D°(b2a ™ - a?b ™) + E°(ba ™ - ab ™My]/[a%b”
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n

)

B° = [(uian - uobn) - Co(b3an - a3bn) - DO(bZan - azb
(21b)
- E°(ba" - abM)]/[a"b " - a "]

With all constants now defined, we can rewrite Equation (17) to
calculate radial deflection as a function of radius. We can, at the
same time, calculate the radial and hoop strains, which can then be
used to calculate stresses. Numerical singularities exist in the
functions of r in the following equations. The function F, which is
associated with the rotational inertia term, has a singularity when
the orthotropy ratio n is equal to three. The function G, which is
associated with the thermal and moisture gradient terms, has a
singularity when the orthotropy ratio n is equal to two. The
function H, which is associated with the thermal and moisture constant
terms and with the axial strain, has a singularity when the orthotropy
ratio n is equal to one (i.e. .isotropic). Alternate equations are

presented at these singular points.

u =7z, b(r/B)™ + Z, b(r/b) " + Zy F(r) + 2, G(x) + Zg H(x) (22)
¢ = du/dr = nZ_ (r/0)% 1 - nz, (r/b) 1
r 1 2
(23)
+ Z3 dF (r)/dr + Z4 dG(r)/dr + Z5 dH(x)/dr
e, = u/r = zl(r/b)n'1 + zz(r/b)'n'1 + 2, F(x)/x
(24)

+ Z4 G(r)/r + Z5 H(x)/r
Where,

Zy = [(u/b) = (u;/b)(b/a)"1/[(a/b)™ - (b/a)"] (25a)
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Z, = [(u;/B)(a/b)" = (u_/D)]/[(a/D)" - (b/a)"] (25b)
Zy = [p w* B?]/{D_ [(a/B)" - (b/a)"]} (25¢)
7. =

4 = bll20 + D /D ) (2a-a ) = (D, /D ey 1Ty
+ [ZBI + (Drh/Drr)(ZBh-Br) B (th/Drr)Bh]Mk (25d)

+ 12 Drm/Drr) B (Dhm/Drr)][amTk + Bka]}/[(a/b)n ) (b/a)n]

ZS = {[ar t (Drh/Drr)(ah-ar) - (th/Drr)ah]Ts
+ [Br + (Drh/Drr)(Bh_Br) B (th/Drf)Bh]Ms (25e)
+ [(Dhm/Drr) B (Drm/Drr)][sm B o‘st B BmMs]}/[(a/b)n B (b/a)n]

If n # 3,
dF(r)/dr = [1/(02-9)] (b/r) {n(x/b)" [(b/a)™ - (a/b)?]
(26a)
+n (b/0)" [(a/B)" - (a/b)3] + 3(x/b)? [(a/B)™ - (b/a)"])
F(r)/r = [1/(n%-9)] (b/r) {(x/D)" [(b/a)™ - (a/b)?]
(26b)
- (/o)™ [(a/B)™ = (a/b)*] + (x/b)? [(a/B)™ - (b/a)™]}
If n = 3,
dF(r)/dr = (1/6)(b/x) {3(r/a)3 In(r/b) + 3(a/b)3(r/b)3 In(a/r)
(26¢)
+ 3(a/r)® 1n(a/b) + (r/a)® - (a/b)?(r/b)?}
F(r)/r = (1/6)(b/r) {(x/a)® 1n(x/b) + (a/b)3*(r/b)? 1n(a/r)
(26d)
- (a/r)® 1n(a/b)}
If n# 2,
dG(xr)/dr = [1/(4-n2)](b/r) {n(r/b)n [(b/a)n - (a/b)z]
(27a)

+ n(b/0)" [(a/b)™ - (a/b)2] + 2(x/b)? [(a/b)™ - (b/a)™1}
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G(r)/r = [1/(4-n%)] (b/r) {(x/B)" [(b/a)" - (a/b)?]

(27b)
- /o)™ [(a/b) - (a/b)?] + (z/b)? [(a/B)" - (b/a)"1}
Ifn=2,
dG(r)/dr = (1/4)(b/x) {2(r/a)? 1n(b/r) + 2(a/b)2(r/b)? 1n(r/a)
(27¢)
- 2(a/r)? 1n(a/b) + (a/b)2(x/b)? - (r/a)?}
G(r)/r = (1/4)(b/x) {(r/a)? ln(b/r) + (a/b)2(xr/b)? 1n(r/a)
(27d)
+ (a/r)? 1n(a/b)}
Ifn# 1,
dH(r)/dr = [1/(1-n2)] (b/x) {n(x/m)™ [(b/a)™ - (a/b)]
, o 7 (28a)
+ ab/o" [(a/m)™ - (a/b)] + (x/b) [(a/B)™ - (b/)"1}
H(r)/r = [1/(1-n2)] (b/r) {(x/D)" [(b/a)" - (a/b)]
‘ (28b)
- /o™ [(a/p)™ - (a/b)] + (x/b) [(a/B)™ - (b/a)"1}
Ifn=1,
dH(r)/dr = (1/2)(b/r){(a/b)(r/b) In(r/a) + (r/a) ln(b/r)
(28¢c)
- (a/r) ln(a/b) + (a/b)(x/b) - (r/a)}
H(r)/r = (1/2)(b/r){(a/b) (x/b) 1n(x/a) + (x/a) 1n(b/r)
(284)

+ (a/r) 1ln(a/b)}

The radial and hoop strains, having now been defined, are
substituted into the constitutive equatibns to find the axial stress.

In order to complete our numerical analysis, we must integrate the
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axial stress over the face of the cylinder to obtain the axial force.

This is developed as follows, using the axial strain which is as yet

undefined:
F/on=1%06 rdr
-m m
b
— 2 a 2 2 a 2
= Dmr b% [ (sr/b ) rdr + Dmh b? J (sh/b ) r dr
b b
(29)
2 a 2 o2 a 1 1 ! '
+D  b*J " (e /b?) rdr-b J [D _ Ca '+B_') + D (a, '+, ")
b b :
1 1 2
+ Dmm (am +Bm )] (1/b*) r dr
Where,
2 a 2 _ 2 a n
D, b* 1 % (e /b®) rdr=D_b*{J%nz/p)/p)" dr
b b
+7 8- n(Zz/b)(r/b)_n dr + 7 @ Z,(x/b?) [dF(r)/dr] dr (30a)
b b
+7 2 2,(x/b*) [d6(r)/dr] dr + J a Zg (x/b*) [dH(r)/dr] dr }
b b
2 a 2 . — 2 a n
D, b* S % (e, /b*) rdr =D b* { /% (2,/b)(x/B)" dr
b b
a -n a 2
+1 % (2y/D)(x/0) " dr + 4 %z, [F(r)/b?] dr (30b)
b b
a a

z, [6(x)/b?] dr + J
b b

Zg [H(r)/b?] dr }
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N D, (e, "+B.") + D (@ '+6,") + D_ (a '+B_')](1/b®) r dr
b

— 1.2 a 2
=b [Dmr @ + Dmh a4 + Dmm am] ) (TS+Tkr)/b dr (30¢)
b

a
+ b? [Dmr sr +D. B +D B ]/J (MS+Mkr)/b2 dr

mh "h mm ' m
b

Evaluating the individual integrals from Equation (30a):

;@ n(Zl/b)(r/b)n dr = [n/(n + D] Z; [(a/b)n+l - 1] (31)
b
Ifn# 1,
1'% - n@,/m)/p) ™ dr = [n/(a-1)] 2, [(a/p)t ™ - 1] (32a)
b
Ifn=1,
;.- n(Z,/b) (x/b) ™" dr = Z, In(b/a) ' (32b)

b

Ifn#3andn # 1,

;8 Zy (c/b?) [dF(r)/dr] dr

I

[Z,/(n2-9)1{[n/ (n+1)][(a/b) + (a/b)® - (b/a)" - (a/b)*(a/b)"]
(33a)
+ [n/(1-n)] [(a/b) + (a/b)? - (a/b)™ - (a/b)*(b/a)™]

+ (3/4) [(b/a)™ - (a/B)™ + (a/b)*(a/b)™ - (a/b)*(b/a)”] }
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If n = 3,

;@ Z,(x/b?) [dF(r)/dr] dr

b
, (33b)
= (23/6) { (3/4) 1n(a/b) [(a/b)® - (a/b)]
+ (1/16) [(a/b) + (a/b)*® - (b/a)® - (a/b)"] }
If n=1,
;@ Z,(x/b?) [dF(r)/dr] dr
b
(33¢)

= -(24/8) { (1/4) [(a/b)® - (a/b)? - (a/b) + (b/a)]
+ [(a/b) - (a/b)?] 1n (a/b) }

Ifn#2andn # 1,

;@ z,(x/b*) [dG(r)/dr] dr
b

= [2,/G-n®)1{[n/ (a+D][(a/b) + (a/b)? - (b/a)" - (a/b)*(a/b)"]

(34a)
+ [n/(1-n)] [(a/b) + (a/b)? - (a/b)" - (a/b)?(b/a)"]
+ (2/3) (/)™ - (a/B)™ + (a/b)?(a/b)™ - (a/b)*(b/a)"] }
If n =2,
;@ z,(x/b?) [dG(r)/dr] dr
b
(34b)

= (2,/%) { (4/3) In(a/b) [(a/b) - (a/b)?]
+ (1/9) [(a/b)® - (a/b)? - (a/b) + (b/a)?] }
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If n=1,

;@ z,(x/b?) [dG(r)/dr] dr

b
(34c)
= (2,/3) { (1/6) [(a/B)* - (a/b)? - (a/b) + (b/a)]
+ In(a/b) [(a/b) - (a/b)?] }
Ifn# 1,

;@ Z (x/b?) [dH(r)/dr] dr

b
= [25/(1-0*)] { [n/(n+1)] [2(a/b) - (b/a)™ - (a/b)2(a/M)"]  (35a)
+ [n/(1-n)] [2(a/b) - (a/b)" - (a/b)2(b/a)"]
+ (1/2) [(a/b)2(a/D)™ - (a/b)™ - (a/b)2(b/a)™ + (b/a)™] }
Ifn=1,

;@ Zs(x/b?) [dH(r)/dr] dr

b
(35b)
= (Z5/2) { (1/4) [(a/b)* - 2(a/b) + (b/a)]
- (a/b) 1n(a/b) 1n(a/b) }
Evaluating the individual integrals from Equation (30b):
1% @ /o) /o)™ dr = [2,/@HD] [(a/m)™ - 1] (36)
b
If n# 1,
1% @,/ (/0™ dr = [2,/ (-] [(a/p) T -1 ] (37a)

b
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Ifn=1,
;e (2,/b) (r/b) ™ dr = Z, 1n(a/b) (37b)
b

If n # 3 andn # 1,

;I %7, [F(r)/b?] dr

3
b
= 123/ @*-9) [/ (a+1)] [(a/b) + (a/b)* - (b/a)" - (a/b)*(a/b)"]
(38a)
- [1/(1-n)] [(a/b) + (a/b)? - (a/b)™ - (a/b)*(b/a)™]
+ (1/4) [(b/a)" - (a/b)™ + (a/b)*(a/b)™ - (a/b)*(b/a)?] }
If n = 3,
;@ Z,[F(r)/b?] dr
b
(38b)
= (2,/6) { (3/4) In(a/b) [(a/b) - (a/b)?]
+ (1/16) [(b/a)® + (a/b)” - (a/b)? - (a/b)] }
Ifn=1,
;@ Z,[F(r)/b?] dr
b
(38c)

= -(25/8) { (1/4) [(a/b) - (b/a) + (a/b)® - (a/b)®]
+ [(a/b)? - (a/b)] 1n(a/b) }
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If n#2andn # 1,

;2 2,16(x)/b?] dr

b
= [24/(4-n2)]{[1/(n+1)][(a/b) + (a/b)? - (b/a)" - (a/b)s(a/b)n]
(39a)
- [1/(1-n)] [(a/b) + (a/b)2 - (a/b)" - (a/b)3(b/a)n]
+ (1/3) [(b/a)™ - (a/b)™ + (a/b)?(a/b)™ - (a/b)3 (b/a)] )
If n=2,
;@ 2,[6(xr)/b?] dr
b
(39b)
= (Z4/4) { (4/3) 1n(a/b) [(a/b)? - (a/b)]
- (1/9) [(a/b)® - (a/b)?® - (a/b) + (b/a)?] '}
Ifn=1,
;@ 2,[6(xr)/b*] dr
b
(39¢)
= (24/3) { -(1/6) [(a/b)* - (a/b)? - (a/b) + (b/a)]
+ In(a/b) [(a/b)* - (a/b)] }
If n # 1,
;@ Zg[H(r)/b?] dr
b
= [Z5/(1-0*)] { [1/(a+1)] [2(a/b) - (b/a)™ - (a/b)2(a/b)"]
(40a)

1

[1/(1-n)] [2(a/b) - (a/B)" - (a/b)2(b/a)"]
+ (1/2) [(a/B)2(a/D)" - (a/B)™ - (a/b)2(b/a)™ + (b/a)™] }
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Ifn=1,

;@ Zg[H(r)/b?] dr
b

(40b)
= (25/2) { -(1/4) [(a/b)® - 2(a/b) + (b/a)]
+ (a/b) 1n(a/b) 1n(a/b) }

Evaluating the integral involving meridional strain in Equation (29):

1'% (s /b?) rdr = (e /2) [(a/b)? - 1] (41)
b

Evaluating the individual integrals from Equation (30c):

;@ [(T+T,7)/b?] r dr

b
(42)
= (T /2) [(a/b)? - 1] + (T,b/3) [(a/b)® - 1]
;@ [QI M, T)/b?] 1 dr
b
(43)

= (M /2) [(a/b)? - 1] + (M b/3) [(a/b)* - 1]

Multilayered Cylinder Analysis

We can now apply the equations developed in this chapter to
analysis of a multilayered cylinder. These equations will allow us to
use the unit displacement method to build a stiffness matrix and unit
force matrices. The layer, or element, stiffness matrix is gormed by
successively setting the inner boundary displacement, the outer
boundary displacement, and the axial strain to a unit value, and

solving for the force at the inner boundary, outer boundary, and axial



59

face, while the forcing functions are set to zero. Since the driving
potential is unity, the calculated force is the stiffness term. The

element stiffness matrix takes the form:

F k k. k. u, )
-1 11 10 im 1
F = | k. Kk Kk u (44)
-0 o1l [o]e] om o]
k k k €
-m mi mo mm m

For example, set u, = 1, u, = 0, and e = 0. Then calculate the
force at the inner boundary, the outer boundary, and the axial face
us%ng the equations which have been developed. The appropriate force
is, of course, found by multiplying the radial or axial stress times
the area over which it acts. The element stiffness matrix terms

calculated are:

ki, = E, _ (45a)
ky; = F (45b)
k., = E_ (45¢)

The remaining terms in the element stiffness matrix are found in
the same manner by next setting u = 1, and finally setting e = 1.
The resulting matrix is symmetric. The layer stiffness terms are then
added into‘the global stiffness matrix. As shown in Figure 7, this
results in a square matrix with & + 2 rows and columns, where ¢ is the
total numbeerf layers in the cylinder.

The force matrix is calculated in much the same way as the

stiffness matrix, but now the boundary displacements are set equal to
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Global Stiffness Matrix
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zero and the various rotation, temperature, and moisture terms (w, Ts,

T., M_, and M ) to their proper values. The global force matrix is as
K’ s K &

follows:

(ray ) e ]
F(2) F (1) + F,(2)
F(3) F (2) +F.(3)

[ :
. = { ¢ [ (46)
. .
F(2) F (2-1) + F (2)
F(2+1) F_()
F(2+2) | F () +F (2) + ...+ F (0]

The global stiffness matrix and force matrix which have been
developed are used when the axial force is given as the third boundary
condition. When the axial strain is given as the third boundary
condition, a degree of freedom is removed from the system of
equations. The 2 + 2 row and column are removed from the stiffness

matrix, and the force matrix is reduced:

(F(1) ) [ F(1) - k1, w+2) x e )
F(2) F(2) - k(2, 2¢+2) x e
. J .
4 @ f = [ 2 ? (47)
F(2) F(2) - k(R, 2+2) x &_
F(2+1) F(2+1) - k(8+1, 8+2) x ¢
. — < . m J
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The displacement matrix {u} is now found by solving
Equation (48), where all terms in the column force matrix {F} and the

square stiffness matrix [k] are known.

{F} = [k] {u} (48)

Once the displacement matrix is calculated, the displacements and
the forcing functions are substituted into Equation (23) to determine
radial strain at any point within the layer, and Equation (24) to
determine hoop strain at any point within the layer. Radial
deflection is calculated by multiplying the hoop strain times the
radius. The radial, hoop, and meridional stresses are determined
using the constitutive equations presented in Equation (13). The
axial force acting on each layer is found by substituting into
Equation (29).

Since energy can be stored in a rotating cylinder, rotational
energy will be calculated for individual layers and for the total

cylinder. The energy stored in a solid cylinder per unit length is:
RE = (1/2) T w* = (1/4) w (p/g) r* w? (49)

Applying this equation to a layered cylinder,

™M

RE = (m/4)(w?/g) P (aj“-bj“) (50)

Looking at energy per unit volume and energy per unit mass,
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)
(RE/V) = RE/[1 % (ajz-bjz)] (51)
j=1
)
(RE/M) = RE/[m % Py (a.z—bjz)] (52)
j=1
Computerization

Computer program TDCYL2 is based on the equations developed in
this chapter. TDCYL2 is a FORTRAN computer program which is modular
in nature to permit future changes with a minimum of effort or
problems. The MAIN program is used almost exclusively to call
subroutines. A block flowchart of TDCYL2, showing the purpose of each
subroutine, is presented as Figure 8. Figure 9 shows in more detail
the logic in subroutine STIFFE, where the element stiffness and unit
force matrices are generated. The basic logic of TDCYL2 is to read
all input data, print the data back, calculate the strains, stresses,
radial displacements, and axial forces, and print the results.

The data which is input in each of the subroutines includes:

SETUP--A description of the project being evaluated, the inner

radius of the cylinder, the number of layers and
materials, the number of intermediate points in a layer
where stresses and strains are calculated, and parameters
for selecting either plane stress or plane strain, and
either axial force or axial strain boundary conditions.

RMATIN--Mechanical and physical properties for each material,

including moduli of elasticity, Poisson's ratios, mass
densities, thermal expansion coefficients, and moisture

expansion coefficients.

ELGIN--The thickness of each layer and the material of which the
layer is comnstructed.
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MAIN

Initialize Program,
Call Subroutines

SETUP STIFF
Input: Project Ca%culate: Gl?bal
Description & Control Stiffness yatrlx and
Information Force Matrices
RMATIN STIFFE
Input: Material

Calculate: FElement

Properties Stiffness Matrix and
Unit Force Matrices
PROP
Calculate: Additional RLOAD
Material Propert i T o T
T P 7 Calculate: Total
erms .
Force Matrix
ELGIN
BANDMI
Input: Layer Geometry Solve: Matrices, To
Determine Node
Displacements
RLODIN
Input: Loading STRESS
Conditions . Calculate: Strains,
Stresses, Axial Forces;
Print: Results
OUTIN
Print: TInput Data ENERGCY
Calculate: Stored
Rotational Energy,
Print: Results

Figure 8
Program Structure--TDCYL2
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Initialize Subroutine, Matrices, And Variables

Calculate Coefficients For Axial Stiffness Terms

Calculate Coefficients For Radial/Hoop Stiffness Terms

For Each Unit Displacement

UI=1 RMK=1
Unit Displacement =
U0=1 RMS=1
EPM=1 TR=1
OMEGA=1 TS=1
Set Other Set Other Set Other | Set Other Set Other Set Other Set Other Set Other
Disp. To Disp. To Disp. To Disp. To Disp. To Disp. To Disp. To Disp. To
Zero Zero Zero Zero Zero Zero Zero Zero
Calculate Coefficients Of Functions Of R (Z1-Z5)
Calculate Axial Stiffness Term
For Inner And Outer Surface
Surface =
Inner Outer
Set r = r-Inner Set ¥ = r-Quter
Calculate Radius Ratios To Appropriate Powers
UI=1 or EPM=1
Uo=1 Unit Displacement = or TS=1 or RMS=1

OMEGA=1 TK=1 or RMK=1

Calculate f(r) Terms | Calculate g(r) Terms

Calculate h(r) Terms

Calculate Thermal And Moisture Terms At r

Calculate Strains And Radial Stress

Calculate Element Stiffness/Force Matrix Terms

Figure 9
Subroutine Structure-—-STIFFE
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RLODIN--The internal and external pressures, the rotational
velocity, the temperature and moisture profiles, and
either the axial force or axial strain.

Following inputting of all data, the data is printed out in
subroutine OUTIN, so that the input data and the results will be
integral.

The first step in calculating the stresses and strains is
calculation of the global stiffness and force matrices. Subroutine
STIFF calls subroutine STIFFE for each layer, and assembles the
results into the global stiffness matrix and the force matrices.
STIFFE calculates the terms for each layer which constitute the
element stiffness and unit force matrices, using the unit displacement
method described earlier. The subroutine RLOAD combines the force
matrices from the individual forcing functions into a single global
force matrix. If an axial force is specified, it is added to the
global force matrix in RLOAD. If an axial strain is specified, the
force matrix is reduced in RLOAD and the axial degree of freedom is
removed from the stiffness matrix. The axial degree of freedom would
likewise be removed if a plane stress solution was specified. With
the stiffness matrix [k] and the force matrix {F} now calculated,
subroutine BANDMI solves Equation (48) for the displacement {u} by
elimination methods. Subroutine STRESS uses these displacements to
calculate, a£ the specified number of points within each layer, the
stresses and strains in each of the three principal directions, and
the radial deflection. Finally, subroutine ENERGY computes the energy

stored in the cylinder if it is rotating.
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Comparison with Classical Solutions

Verification of the computer program TDCYLZ included comparison
with classical analyses. These analyses included single layers with
internal and external pressure, an equilibrium temperature change,

temperature profiles, and rotation.

Example 4. Internal and External Pressure [20]

This example is a hollow isotropic cylinder with both internal
and external pressure and no axial load. Plane strain assumptions are
made. Stresses in the radial and hoop direction are calculated as are

the radial displacement and axial strain.

0. = (Pibz'Poaz)/(az'bz) + [a?b?/r?] [(Po-Pi)/(az-bz)] (538)
oy = (Pibz'Poaz)/(az'bz) - [a®b?/r?] [(PO-Pi)/(az—bz)] (53b)
u_ = [(1-v)/E] [(Pibz-Poaz)/(az-bz)] T
(53c)
+ [(1+v)/E] (a®’b?) [(Pi-Po)/(az-bz)]/r
e = (2v/E) [(Pibz-Poaz)/(bz-az)] (53d)
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Given b = 5 inches, a = 7 inches, v = .3, E = 107 psi,

Pi = 500 psi, and Po = 100 psi, the results in Table 7 were obtained:

Table 7. Stresses, Strains, and Displacements
as a Function of Radius in a Cylinder
with Internal and External Pressure

Classical Numerical
cr,psi: r = 5 inches -500.000 -500.00
6 -250.463 -250.46
7 -100.000 -100.00
oh,psi: r=>5 1133.333 1133.3
6 883.796 883.80
7 733.333 733.33
ur,in.: r=2>5 .64167 x 10-3 .64167 x 10-3
6 .57536 x 10-3 .57536 x 10-3
7 .53433 x 10-3 .53433 x 10-3
€ : .019 x 10-3 .019 x 10-3

Example 5. Equilibrium Temperature Change [21]

If we have an isotropic cylinder which is hollow, we can subject
it to a change in temperature as a function of radial position. We
can integrate the temperature profile across the radius in order to

calculate the stresses in the three principal directions.

o = [eE/(1-v)] (1/r%) { [(r%-b2)/(a%-b%)] /® T r dr
b
(54a) %

A dr }
b
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op = [eE/(1-v)] (1/r2) { [(r2+b2)/(a%-b*)] /2 T r dr
b
(54b)
+ /5T rdr - T r2 }
b
o, = [eE/(1-v)] { [2/(a?-b2)] /2 T r dr - T } (54¢)

b

If T = constant, the above equations reduce to:

g = 0
r

ch = 0

g = 0
m

The numerical results agreed.

Example 6. Temperature Profile [21]

In this example, we also look at a hollow isotropic cylinder. We
will evaluate a special case of thermal stresses in which a steady
heat flow between the boundaries is established in the cylinder. The

resulting temperature profile will be logarithmic.
T = [T;/1log(a/b)] log(a/r) (assuming T_ = 0) (55)

We now have the following expressions for thermal stresses:
0. = { oET,/[2(1-v) log(a/b)] } { -log(a/r) (56a)

- [b*/(a®*-b?)] (1-a%/r?) log(a/b) }
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o, =1 @ET,/[2(1-v) log(a/b)] } { 1-log(a/r)
(56b)
- [b?/(a%*-b?)] (1+a?/r?) log(a/b) }
o, = { @ET,/[2(1-v) log(a/b)] } { 1-2log(a/r)
(56c¢)
- [2b%/(a%*-b?) ] log(a/b) }
Given b=5 inches, a=9 <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>